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i-C . Abstract. In 1993, Baxter gave 2 m Q eigenvalues of the transfer matrix of the TV-state 

superintegrable chiral Potts model with spin-translation quantum number Q, where 
.13 ' mg = [{NL — L — Q)/N\ . In our previous paper we studied the Q = ground state 

sector, when the size L of the transfer matrix is chosen to be a multiple of N. It 
was shown that the corresponding t-i matrix has a degenerate eigenspace generated 
by the generators of r = mo simple 5I2 algebras. These results enable us to express 
the transfer matrix in the subspace in terms of these generators E^j and H TO for 
m = 1, • • • , r. Moreover, the corresponding 2 r eigenvectors of the transfer matrix are 
0^ , expressed in terms of rotated eigenvectors of H„, . 
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In our previous paper [1] , we have shown that to calculate the correlation functions 
of the chiral Potts model, one only needs to study the eigenvectors of the superintegrable 
model. Since the transfer matrix and the matrix T 2 (t g ) have the same eigenvectors, we 
have examined the eigenspace of T%(t^) which has degeneracy 2 r , where r = L(N — 1)/N 
with L — the length of the transfer matrix — chosen to be a multiple of N. This space 
is a highest-weight representation of an C{si%) loop algebra which turns out to be a 
direct sum of r copies of the simple algebra sl 2 whose generators are E^j and H m for 
m = 1, • • • , r. 

In 1989, Baxter in his paper on the 'Superintegrable Chiral Potts Model' [2] 
suggested that the transfer matrix restricted to a certain subspace may be written 

as 

r 

Tq = C QP L 1[{GI+ (1 - k'cose^a* - fc'sin^aj}, (1) 

f Supported in part by the National Science Foundation under grant PHY-07-58139 and by the 
Australian Research Council under Project ID: LX0989627. 
S Permanent address. 
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(see Eq. (2.16) of [2]). Our attempt is to do exactly that. However, as the modulus 
k' in that paper [2] is different from the usual k' of other papers, we shall consider the 
transfer matrix of his later papers [3, 4]. 

From Eq. (6.2) of [3]|| the transfer matrices of the superintegrable model can be 
written as 

T^^ ^fJ^S M, t q = N^ ^-_ X ^ )L f M . (2) 

Baxter showed that the eigenvalues of T(x q ,y q ) for spin shift quantum number Q = 0, 
or equivalently T (x q ,y q ) corresponding to (I.10)^f, depend on \ q = /i^ only and are 
denoted by G(\ q )- The corresponding eigenvalue of %(x q ,y q ) can be made equal 

to Q{\ q ) by simple rescaling of the eigenvectors x and y, so that 

%(x q , y 9 )x = Q(\ q )y, f (x q , y q )y = (?(A,)x, f (y q , x q )y = £(A^)x. (3) 
Thus, (1.9) and (6.24) of [3] become+ 

S^MA- 1 ) = tfNV(t q /t p ) = tfNjl [(t q /t p f - z,] , (4) 

where z- and zj 1 are the roots of the Drinfeld polynomial P(z) = P(t N ) = V(t), see 
(1.11) with Q = and (1.41). From (1.2) we have 

kX = l + k' 2 -k'(\ q + \- 1 ). (5) 

Substituting this equation into (4), and letting 

2 cosh 26 j = k' + k'- 1 - kXzj/k', (6) 

we find 

SKMA- 1 ) = N^) r f[e^(e^ - A" 1 )^ - X q ). (7) 

Therefore, as G(\) is a polynomial in A^ 1 according to section 6 of [3], the 2 r implied 
eigenvalues of the transfer matrix T (x q ,y q ) in (1. 10) are 

r r 

Q{\) = P r Uicoshdjil - A" 1 ) ± sinh^.(l + A" 1 )] = IJ(^- ± Bj), (8) 

3=1 3=1 

Aj = pcosh9j(l - A" 1 ), B d =psinh^.(l + A- 1 ), p r = N*(h'/k 2 )* r , (9) 

cf. (20) of [4]. These are the results of Baxter, written in different forms. 

We shall now attempt to express the transfer matrix T (x q ,y q ) of (1. 10) for Q = 
in terms of the generators E^j and H m , defined for m — 1, • • • , r in [1], and also obtain 
the corresponding eigenvectors. 

|| This simplifies under the periodic boundary condition, i.e. r = rap = in [3] with r being Baxter's 
skewness parameter here, not to be confused with r — L(N — 1)/N in this paper. 

All equations in [1] arc denoted here by prefacing I to its equation number. 
+ Eq. (1.11) with Q = 0,t = tg/tp and (6.25) of [3] with P a = P b = 0, F(t g ) = 1 differ by a factor N. 
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Similar to what Davies [5] did, we define the polynomials 

r-l 

/iW=IIr=7 = E^ B ' = ( 10 ) 

J * n=0 

where /3j >n are the elements of the inverse of the Vandermonde matrix [6], such that 

r— 1 r 

Yl fo> nZ k = Z kPk,™ = $n,m for < U < T ~ 1. (11) 

n=0 k=l 

Consequently, (1.45)* rewritten here as 

rr r r 

X n — ± E Z m^n = ± Yj C E m' h n = E Z m" H ra = ^ 2 m*H m , (12) 
m=l m=l m=l m=l 

where n G Z and m* is the subscript for which z m * = l/z m , can be inverted as 

r— 1 r— 1 

= ^X/^ m *. nZmX n+<' H m = P m * ^ n Z m h n+£ , (13) 

n=0 n=0 

valid for m — 1, . . . , r and f el 

In Appendix A, we shall show that 

Hjn> = -|n>, (e+) 2 |^) = o, (14) 

with |Q) the 'ferromagnetic' ground state of [1], whereas in Appendix B we shall give 
some further results for E+E+ |fi). 

Deguchi and Nishino have studied a similar loop algebra [7, 8, 9, 10]. They have 
shown that there exists a transformation to map the generators of the two loop algebras 
[10]. The proofs of the identities for the related operators are also given in [9]. (It 
can be verified that our is proportional to some pj(a; s) of [9], noting that Deguchi 
essentially uses Prony's method [6] to invert the Vandermonde matrix, but leaves out 
the denominators in [6].) 

From the commutation relations, 

[E+ , E"] = 5 m>n H m , [H m , E±] = ±25 m ^t [E+, E+] = [E~ , E"] = 0, (15) 
cf. (1.46), we find 

H m E+|fi> = -(-l)*--E+|n>. (16) 

Thus by operating with various products given by the subsets of E+,E^~, ■ ■ ■ ,~E+ on 
\fl), we obtain the eigenvectors of H m , with eigenvalues £ m and £ m = ±1 depending on 
whether m is in or not in the subset. Following the example of Onsager [11], the 2 r 
eigenvectors are denoted by the eigenvalues £ m , namely, 

•••>&■)= n E -i^)' &=±i> ( i7 ) 

rn<=.J n 

* We have replaced ±E^j in (1.45), so that we obtain the more usual (15) rather than (1.46). 

Also, z m and l/z m are both zeroes of P(z) when Q = 0, because of the symmetry of the coefficients 
of the polynomial P(z) in (1.41), so that (12) and (1.45) are equivalent. The changes made seem 
appropriate for the Q ^ case. 
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where J n = (ji, • • • ,j n ) is any subset of (1, 2, • • • , r) for n = 0, • • • , r, with £j = 1 for 
j G J n , and = — 1 for j J n . Equivalently, 

H i *(ei,6,-"^r)=^l,6,---,er)- (18) 

Particularly, for n = and n = r, we have 

= (-1, -1, . . . , -1), |0) = 1, • • • , 1). (19) 

Because = ±1, it is easy to see that H 2 = 1 in this restricted eigenspace. Since 
EJ\Q.) = 0, and Uj\n) = we find from (15) 

E7*(ei,6,-"^r) = Ej n E -i fi ) 



mGJ n 

*(f 1, • • • > 0~1, 0+1, • • • , 0) if J £ -4, 

ifj^Jn- 



(20) 



(21) 



Likewise, using (E+) 2 |fi) = we obtain 

e+^i,6,---,^) = e; E+|n> 

m£j n 

if j e J n , 

^ *(0, • • • , ~0, 0+1' • • • > 0) if J ^ ^n- 

Consequently, we find 

(Et + E-)*(6, 6, • • • , 0) = *(0, • • • , -0, 0+i, • • • , 0), (22) 

and 

(E+ + e-) 2 *^, 6, • • • , 0) = *(0, • • • , 0, • • • ,$■). (23) 

From the commutation relation (15), we can show 

[H.,(E+ + E-)] = 2(E+-E-), [H.,(E;-E-)]=2(E; + E-), (24) 

[(E+-Et),( E ; + Et)] = 2H j , (E+-E7) 2 = -l. (25) 

Now, similar to what Onsager did for the Ising model in [11], we express the transfer 
matrix %(x q ,y q ) in (1. 10) within the eigenspace of the eigenvalues given in (8) as 

r 

%(x q ,y q ) = S]\(A j - HjB^TZ- 1 , (26) 
j'=i 

r r 

%(x q ,y q ) = U\{{A j - HjB^S' 1 , %(y q ,x q ) = Tl\{{A j - HjB^S' 1 , (27) 

3=1 3=1 

where S and 1Z are some complex rotation operators, which shall be determined, and 
Aj and Bj in (27) can be obtained from Aj and Bj in (9) by letting A^ 1 — > X q . 
If we introduce 

\Xi) = KVfo, 6, • • • , 0), m = SVfo, 6, ••-,&•), (28) 



Eigenvectors in the Superintegrable Model II 5 

for % — 1, . . . , 2 r , then we find from (18) and (26), cf. also (3), that 

%(x q ,y q )\X l ) = Q(X q ,{^})\y i ), f (x q ,y q )\y i ) = Q(\ q ,{^})\X t ), (29) 
where the eigenvalues are 

r 

(30) 



Particularly, the "largest" eigenvalue is 



(31) 



So(AJ = £(A,,{-l}) = n(^ + ^) 

j'=i 

with ground-state eigenvector 

= = TZ\Q). (32) 

The rotations 1Z and iS should be chosen such that they are independent of q as 
the transfer matrices with different q commute. They are determined from the explicit 
form of the transfer matrices given in (2). We now calculate the matrix elements of the 
transfer matrices. Using (1.4) and (1. 10), we rewrite the transfer matrices in (2) (from 
configuration {a} to {a 1 } in the row above) in terms of the edge variables {n^} and {n^} 
with Hi = o~i — a i+ i as 

N-l L 



a=0 



3=1 



X 



W pq (a - Nj + N')W p , q {a - N j+1 + TVj)] , Nj = = ^ ~ °j> 



where a = o~\ — a[, and 



cvy p - x q u J 



Cancelling out the common factors in the weights, (33) becomes 

JV-l 

{{<}\T Q {x q ,y q )\{n t }) = N-^^- Qa 

a=0 



(33) 



(34) 



><n 

3=1 



n 



e=i Up X q^ 



l+a-N -,,+N'. 

.7 + 1 .7 



L y p - x q uj a - N ^ +N i V /V 
It is easy to see that for the two ground states, 
\n)++m = Ni = or <-> Ui = N— 1, Ni = (i — l)(N — 1), 

the above expression simplifies to 



JV-l 



L a+Nj( N _ N\ 

({n t }\T Q (x q ,y q m = N-^J2^ Qa U % " 



a=0 



a+Nj 



(35) 



(36) 



(37) 
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and 

N—l L N 1 cl+3+N ■ I N N\ 

{l n,}\T Q ( X „y,m } = N-^- Q °Tl&) ' x %2, • (38) 

a=0 j=l p 

where also ni + - • -+nL = (mod N), as is required by the periodic boundary conditions. 
For (38) we have used n^LiO/ ~~ xujl ) = U N ~ % N ■ Particularly, when n\ — • • • — ul — 0, 
we find Nj = and (37) becomes 

(n\T Q (x q ,y q )\n) = N^yfixJy^VgixJy^, (39) 
while for ri\ — • ■ ■ — — N — 1, we substitute Nj = (j — 1)(N — 1) into (37) to obtain 

(ti\T Q (x q: y q )\n) = N^ L 8 Qfi u- L ^l\y» -x N q y. (40) 
Similarly we find from (38) 

(ti\T Q (x q ,y q )\ti) = N'-^i^yJ^ixM^QixM (41) 

and 

(n\T Q (x q ,y q )\Q) = N 1 - 1 ^^ 1 ^ - x N q )\ (42) 

Since L is a multiple of N, the right-hand-sides of (40) and (42) are equal, this means 
that the signs of E+ and E~ are equal, and that the transfer matrix can only have the 
following form for the 2 r -dimensional ground state sector: 

r 

%(x q , y q ) = Y[[X 3 - + (E+ + EJ)ZJ. (43) 

To evaluate Xj, Yj and Zj, we need to evaluate (fi|E~ and (0|E+. To do so, we 
invert both (1.42) and 

n n 

(Q|(x+)H(xr)(- 1 ) = ^A n _ i (n|x+ x , (n|(x r )(«)(x + )(- 1 ) = £\\„ ; (<>x ; . (44) 

3=1 3=1 

which can be derived similarly, as 

x 7l^> = £ VnW^xr)^), xt jnj = £^_ n (xr) ( "- 1) (x + ) ( " ) in), (45) 

n=l n=l 

= i^Si-nW^tKxlt- 1 ^ (S|X7 = £ Vn(^l(xr) (n) (x + ) (n - 1) , (46) 
?i=l n=l 

where 

m 

J^A m _ n S' n = 5 m , , with So = 1, A = 1. (47) 

?1=0 

This is most easily seen by viewing A as a lower triangular r + 1 by r + 1 matrix with 
elements A it j = Aj_j, zero whenever j > i, and a similar form for its inverse. Letting 

r r 

p(z) = A ^"> = E ^ ( 48 ) 

n=0 n=0 



(49) 



(50) 
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we find from (47) that 

r r r 

Q(z) = 1/P(z) = l[(z - z n y l = J> - z,)- 1 H( Zi - zt)- 1 . 

n=l i=l 

Using (10) with z = together with ri£=i( — z i) = 1> we obtain 

r 

5 « = 5Z^~ n ^ ' for 1-r < n < r-1, 
i=i 

also using (11), which implies S n — for 1— r< n< 0. Substituting (46) into (13) with 
£ = 0, interchanging the order of summation, and using (50), we get 

<n|E" = -<fi| EW) (<) W (W) E ^EA»./ H . (si) 

£=1 1=1 jr'=0 

where the condition = for negative values of n has been used to extend the interval 
of the j summation. As (1.41) implies the symmetry P(z) = z r P(l/z), we find that for 
each root Z; L of P(z), z^ = 1/zi is also a root. We now use the first equation in (11), i.e. 



r-l 



r-l 



^ An* 
j=0 



(52) 



j=0 



to get 



<n|E- = -^E^^|(4)W(xr)( w ) 
^=i 

Ejn> = -/3u^4r 1 (xr)^- 1 )(x+)W|n>. 

«=1 

Similarly, but now using (13) with £ = 1, we can show 

E+|n> = A, M) X;^(x+)^ 1 )(xr)M|n>, 
^=i 



(53) 



(54) 



From (1.20), we findft 



[n}\ 



\ri) 



n'l f n 
nj [nj! 

/ i "1 en 

(n + n , (n — 
n [n\\ 



n' + n 
n 



\n' + n), 



(n — n . 



(55) 



Using (1.35) ft an d the above formulas, we obtain 



(*n w in>= E 



{0<nj<iV-l} 
"i +--+nr =<iV 



We use the standard definition 



Ttj.I ! Tr) / — rj l ! 



ft There are some misprints in (1.35): The four subscripts j must be replaced by m. 
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K) w in> = (-ir E \iN-l-nj}), 



{0<nj<N-l} 
n 1 + -+n L =lN 



(n|(xr) 



(0 



E ^ jjnj (Ml 

{0<nj<N-l} 
ni~\ \-n.[ j =£N 

-1)' E ({N-l-nj}\, 



{0<nj<N-l} 
n 1 +—+n L =£N 



where we have twice used 
\N-l-ri 



v 



= (-1)^ 



v —nv—v(y+l)/2 



v + n 
v 



with n — 0. Continuing the same process we find 

(x+)W(^-)(^|n> = 



<n|(x+)(^)(xr)W = 



E w _E ^' n, '^(K})IK», 

{0<nj<JV-l} 
niH hn i= JV 



{0<nj<JV-l} 
n 1 + ... + n i = JV 



(xr)W(x^) {m) |fi) = - E K m {{n 3 })\{N-l -nj}), 



{0<nj<N-l} 
n 1 -\ hi£ = iV 



(n|(xr) (m) (x + ) W = - E ({^ - 1 " nAlKwttnj}), 



{0<nj<N-l} 
niH hn^ = JV 



where 



^(K» = e n 

{0<n^.<AT-l} j = l 
n ^_| \-n , j^= m 



n'- 



n 3 + n i 



= e n ^ 

£=1 



n'.N. 



N 3 = E ni ' 



8 

(56) 



(57) 



(58) 



(59) 



(60) 



(61) 



K m (M) = e n 

{0<n£<JV-l} j=l 
H (-n^= m 

for integers m < (N — 1)L. Also we have Y.j^'j N j = £j 52j n> A = J2j n j N 'j- 

The generating function of i^ m ({nj}) for ni + hn L = A;iV is 

(iV-l)L-fcN L _ wv 

<?(K},0 = E ^(K}) tm = 7^3^nT3TTv- ) (62) 



which is obtained by inserting t n i in each of the L sums of i^ m ({nj}) and summing over 
m to remove the constraint; after using (58) and other w-binomial identities we arrive at 
(62). Similarly, we can define g({nj},t) with K m ({rij}) replaced by K m ({rij}) and Nj 
by Nj. As seen from (60) and (61), here we only need to consider the case with k — 1. 
We define the following polynomials for n\ + V n L = N, 



mQ-l 



N-l 



G Q {{n 3 },z)= E Kqw({th})S = m _ fN) E II i 

£=0 ^ ' a=0 j=l 



l-t 



N 



tU a+N i ' 



(63) 
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and 

rn Q- 1 f -Q N-l L _ N 

^=0 V ; a=0 j=l 

where z = t N . The last equalities in (63) and (64) are proved noting 

N-l 

G Q ({ nj },z) = N- 1 J2(t"T Q 9({nj},tuJ a ), (65) 

a=0 

and a similar equation for Gq({nj}, z). For Q = 0, we drop the subscripts in G ({nj}, z) 
and Go({nj}, z). It is easy to see that G({nj}, z) is the complex conjugate of G({nj}, z) 
when t is real. 

Substituting (59) into (53) and (54), and using (63) and (64), we obtain 

(n|E-=-/^, £ ({n,}|^^G({n,},^), (66) 

{C)<n.j<]V-l} 
njH hn£=JV 

(fi|E+ = -/3 TOl0 ^ J] ({iV-l-n,}|G({n,},z m ), (67) 

{()<nj<]V-l} 
«lH \-n L =N 

E+\n) = (3 kfiZk w_EjJ ' n, ' G (K-}.^)IK-})> (68) 

{0<n^<JV-l} 
7i 1 H yn L =N 

E k \n)=(3 kfi Yl G{{n,},z k )\{N-l-n,}). (69) 



{0<rij<JV-l} 
jl 1 H hri£,=iV 



Since 



(n|E-E+|n> = 5 m>fc , (70) 

we conclude that 

Pm,oPk,oz k G'({n j },2; m )G'({n i },2; fe ) = -5 mfc . (71) 



{0<n^<JV-l} 
tllH hn L =iV 



Next, we introduce the polynomials 

h k (z)= J2 G({n 3 },z k )G({ nj },z). (72) 



{0<Tlj<JV-l} 

njH \-n L =N 



Since the degree of polynomial G({rij} : z) defined in (63) is r — 1, the degree of h k (z) 
is also r — 1. From (71) we know its r — 1 roots; thus Yi k (z) is proportional to f k (z) 
defined in (10). In fact, we have 

h k (z) = -f k {z)/z k (3l fi = fi£ ]J(z - z t ), (73) 
where we have used f k (0) = f3 k>Q and n<?=i( — z e) = 1- Similarly, we have 

h k ( Z ) = J2 e (M> *) G (K-}» = U( z - **)■ ( 74 ) 

{0< nj <N-l} l^ k 
niH t-n L — N 
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We now know enough to calculate the matrix elements we need. Using (66) 

<n|E-r (x 9 ,y 9 )|n> = -p m , J2 ^^G(K},z m )(K}|r (^,^)|Q). 



{0<n m <]V-l} 
711 H hi£ = JV 



Comparing (37) with (63) for Q = and using ^ . iV} = ^(-^ ~~ i) n j> we fi 11 ^ 

JV-1 l n _ N 
({ ni }\%(x q ,y q )\n) = N-fru,-^* J2U^Z ' "'* 



= N^u-^^yfil - x N q /y^)G{{n t }, (x q /y p ) N ). 
Using (72), (73) and (76), (75) becomes 

(n|E-r (s 9 ,y 9 )|n> = -/^ 

From (43), we find 

r 

(n|T (x 9 ,y 9 )|n> = + Yj), (n\V-%(x q ,y q )\n) = Z m \{{X + Yj). 

j=l j^m 

Now equating the ratios given by (78), (39) with (1.44), and (77) we obtain 
X m + Y m _ x q — ypZ m 

7 ~ rpN _ ,.N 

t-'m ^ q y p 

Similarly, we use first (67) and (38), followed by (63), (72) and (73), to find 
(n\E+%(x q ,y q )\Cl) = -(3 mfi z m {^ p x p /^ q ) rN N-^ L 

x £ G( { n j} , Zm ) N ffl ' [»f^ 

{0< nj <N-l} a =0 3=1 L ^ J yql x p 

uiH hi£=iV 

= -u/W/^ra - /o^-' L n w/< - 

where iVj = EtK^ - 1 - ra*) = N(j - 1) + 1 - j - Nj. Using 

<n| = (-i)"<n|(x+)W = (niJlEj, |n> = fo)«|n> = nE+|n>, 

3=1 3=1 

cf. (1.35) and (17), we obtain from (43) 

r 

(Cl\T (x q ,y q )\Cl) = HiXj - Yj), (fl\E+T Q (x q ,y q )\Cl) = Z m J[{X j - Yj). 

3=1 3+ m 

Hence, combining this with (41), (1.44) and (80), one finds 

v ~y T N ..AT — 1 

■^■m 1 m p itq m 

x p y q 
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This shows that the rotations 1Z and S in (26) can be written as direct products of 
r two by two matrices TZj and Sj, 

r r 

S -U S r n = U n v S Mj - ^'W = X j - H , V ; + (E+ + Ej) Zj . (84) 

j=± 3=1 

Since 1Z and 5 must be independent of X q , the left hand side of the last equation above 
is linear in A" 1 , as seen from (9), and so must its right hand side be. Thus, the ratios 
given in (79), (83) and (1.2) yield the following 

X + Yj = e 3 k{y^z 3 - xf) = e,[(l - k'\)z 3 - (1 - fc'A" 1 )], 
Zj = €jk(y p - xf) = £jX p X q 1 k(y q - x p ) = €jk'(X q 1 - X p ), 

X j - Y j = ej^hhtfzj 1 - <) = eA-k'XyZ' 1 + A" 1 ^' + X p zj l - X p )\, (85) 

We have inserted factors ApA" 1 in both the numerator and the denominator of the second 
ratio in (83) so that they become linear in A" 1 . Since det(1Zj) = 1 and det^-) = 1, the 
determinant is invariant under the transformation in (84), namely 

X) - Yf - Z) = A) - B). (86) 
Using (9), (6) and (5) in this order, we find 

A)-B> = p>k\t N p z 3 -t»)/{kiX q ), (87) 
whereas from equations on the left of (85) and (1.5), we obtain 

X] - Yf - Z) = e)k%'X p {z-' - l){t N pZ] - t N q ). (88) 
Consequently we find the multiplicative constants 

= AP" = P'/Wizj 1 - 1)A P ], p 2 = N^k'/k\ (89) 

Since the right hand side of (84) is explicitly given in (85) and the X q dependence in the 
left hand side comes only from the Aj and Bj in (9), we conclude that both sides are 
linear in A^ 1 . Therefore, we can get two equations by equating the coefficients of the 
constant and linear terms of (84) separately, i.e. 

Sj (cosh 6j 1 - sinh 9jH. j )Kj 1 = M, Sj (cosh 9j 1 + sinh 9 j U j )nj 1 = -N, (90) 

where the matrices M and N depend on j and have elements 

mn = —€jk'X p /zj, mu = m 2 i = -ejk'Xp, m 22 — €j(zj — 1 - k'zjX p ), 

nn — e j (z~ 1 X p - X p + k'), n 12 = n 21 = n 22 = eft, ^(zj 1 - l)A p e? = 1. (91) 

It is straightforward to solve for TZj and Sj. We shall leave the details to the appendix 
and present the results here. We find that 

Sj = I(sn + S 22 )l + - 522)^- + Si 2 E+ + S 21 EJ, (92) 

with 

/m 22 e 6j + n 22 e~ ej \ l l 2 m 12 e ej + n 12 e~ ej 

V 2 sinh 29 j J ' m-x?.B e i + nmB~ 6j ' 
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where the 9j are defined in (6), while IZj is the transpose of the inverse of Sj, that is 
r 2 2 = sn, r 2i = -S12, r i2 = -s 2 i, r n = s 2 2- (94) 

We now show that the 1Z and S in equation (27) for the other two transfer matrices 
are identical. To calculate the matrix elements of 7~Q(y q ,x q ) we use (2) and (1.4), while 
using an equation like (34), but with the replacements p <-> p', q <-> g', (or x r <-> y r and 
fx r — > yU" 1 with r = p, q). Similar to (33) and (35), we may then write 

JV-l 

{{n\}\f Q {y q) x q )\{n l }) = N-^Y,^ Qa 



a=0 



L Y( r N _ v N\,.a-N +N' , n j t+a _ N +N < 

J-j- \ X p Vq ) U 33 n^q\ n i x <; - 'ly^ 



X 

3=1 



(95) 



Here, when rij = or = N — 1, the above expressions are related to the functions 
defined in (63) and (64), i.e. 

(fi|r (y„^)|K}> = N'-^U^xfH _ tf/tyGam}, (y q /x p f), (96) 
(filfo^^KTV-l-^}) = N^iy^Wil - xZ/y?)G({THh (*M")- (97) 



Combining this with (68), (69) and (74), and also noting that (1 — z)G({0}, z) = P(z) 

N „,JV„-1 /nl-f/. „ mo\ „JV. 



for rij = 0, we can derive 



(n\%(y q ,x q )\n) <-<^ x (fi|T (y 9 ,x 9 )|fi) 



(n|r ( % ,x ff )E+|n> <-< ' (n|f (y„x s )E^|n> <-< 

Setting <-> y ? in (98), we find 



(fi|T (x ? ,y 9 )E+|Q) <-< ' <n|t (x ff ,y ff )E-|n> 

Similar to (43) and (84), we find that (27) can be written as 



(98) 



(99) 



My q , x q ) = n v , - + ( e ; + E 7)^l = II ^ - n A) s i^ (100) 

3=1 3=1 



r r 



Mx q ,y q ) = ~ h j y 1 + (e; + e-)^] = n^(^ - h,^)^- 1 . (101) 

Since and Bj are obtained from the Aj and -Bj in (9) by letting A^ 1 — > A g as 
follows from (1.2) for \ q = /i^, they are linear in A g , so that, similar to (85), (98) yields 

*3 + ^ = 6 3 X P k ( X p ~ Vq Zj 1 )' %3 = -tj\K X p -Vq) = ~ e j\ k ( X q ~ Vp), 

Xj - Yj = ej\ q k(x q - VpZj), (102) 
while each term in the product of (101) is linear in A^ 1 , so that (99) leads to 

X'j + Yj = eAM< - x^zj 1 ), Zr = -eAM< - <) = -^K'HVq - Vp), 

X' j -Yj = e j X; 1 k(y»-y»z j ). (103) 
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By equating separately the coefficients of the terms constant and linear in X q of the jth 
factors of the products on both sides of (100), we find 

7£j(cosh0,-l - sinh OjHfiSj 1 = -N -1 , 7^- (cosh 0,1 + sinh OjU^Sj 1 = M~\ (104) 

where the elements of the matrices M and N were given in (91) and for their inverses we 
used det M = det N = 1. From (101) we get the same equation (104), as this case differs 
only by the interchange q <-> q', X q <-> 1/X q . Taking the inverses of the two equations in 
(104) we recover (90). This proves that we can indeed use the identical IZj and Sj. 

To summarize our results, in (43) and (101) we have expressed the transfer matrices 
of the superintegrable chiral Potts model for the Q = ground state sector in terms of 
the generators of 5(2 algebras, with constants Xj,Yj,Zj and Xj,Yj,Zj given explicitly 
in (85) and (103), where j = 1, . . . , r with r = (N — 1)L/N and L a multiple of N. The 
corresponding two sets of T eigenstates for the transfer matrices are given in (28) and 
(29) with the rotations 1Z and S explicitly given in (84) and (92) to (94). 
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Appendix A. H TO |fi) = and (E+) 2 |fi) = 

After applying Xq to (1.42), we find, using (1.37) and h n = Xq x~ — x~Xq in (1.34), 

n 

nA n — y^rf 3 -A ra _j, where h n \Q) = d n \Q) . (A.l) 

Similar to what is done in [7] , we multiply both side by z n and then sum over n from 1 
to 00. Next, noting A n = for n > r, we divide the result by P(z) and obtain 

, 00 r 00 r 

z Tz ln P{Z) = £ ^ = E^ = -E^E z 7- (A.2) 

n=l j=l 3 n=l j=l 

This shows d n = — Y7j=i z j n - Using (11) we obtain 

r— 1 r r—1 r 

^ Pm*,nd n +k = — E E Pm*,n Z J^ k = ~ ^ ^m,j Z j ^ = ~ Z m ■ (A-3) 
n=0 j=l n=0 j=l 

From (13), we find 

r-1 

H m |Q) = Y,Prn*,nd n \V) = . (A.4) 

n=0 

From (15) we see that and H m generate a finite-dimensional representation of sl(2). 
We also have E~|fi) = 0. Thus this representation is spin-|, proving (E+) 2 |fi) = 0. 
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Appendix B. Results for E|E+|fJ) 

As the identities in (13) hold for the entire eigenspace, whereas the identity in (54) holds 
only for the ground state, we use (13) with £ = for E+ and (54) for E+ to find 

E+E+|fi> = ^oE^E^-^^x^^^xr)^^). (B.l) 

i=\ £'=0 

As (x^)( n ) = (x^) n /n! for n > and (x^)^ = for n < 0, it is easy to prove by 
induction that the following relations hold for the entire eigenspace, 

[(*o + ) (j) ,x-] = (xj)^* - x+(x+)^ 2 \ 
[x+, (xD W] = (x^" 1 ^ + x fc - +2 (x r )^- 2 ), 

[h fe , (x+)«)] = -2x+(x+)tf-D, [h fe , (xr)^] = 2x- +1 (x -)^- 1 ), (B.2) 

which are very similar to those in [7]. Using (B.2) and (A.l) we interchange the order 
of operations in (B.l), i.e. 

x^x+f-^xr)^) = {(xJ)(»)(x r )W X< - - (x+)^ 2 )[2(xD^ 1 )x, +1 

+(X)®d e ] + (x+)^ 3 )[(xr)^ 2 )x,- +2 + te)Wd e+1 ]}\Sl). (B.3) 
Substituting (B.3) into (B.l), and using (13) and (A. 3), we get 

- E-Kxo^^Kxr)^- 1 ^^^; - (xr)W]|n> 

1=2 

+ E^(x + ) (£ - 3) [(xr) (£ - 2) ^ 2 E; - (x^- vm} 

= (3 m , {(l - 2zJ Zj + fjzj) ^4,(x+)^- 1 )(xr)WE;in> 

€=1 

+ (i-w%)E^(x + ) (£ - 2) (xr) (£) |fi) 
+ ^(x + ) (r - 1) (xr) (r) E;ifi) 

- c 1 (xf) (r - 2) [^- 2 (xr) (r - 1) Et - (xr)<«viin>}. ( B - 4 ) 

To arrive at the second equality, we changed the summations in the first equality 
replacing I— 1 — > I both in the first part of the second sum and in the second part of the 
third sum, and t — 2 — > t in the first part of the third sum. If we can use the identities, 

(xr) w E;ifi) = o, (xr^E+in) = ^-(xr)W|n>, (b.s) 

we may simplify (B.4) to 

E+E ? t l |fi) = / 3 m ,o{(i-w^) 2 i:4(xo + ) (£ - 1) (xr) (£) E;ifi) 

t=l 
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r 

+ (l-zJz j )J2^f- 2) M {e) \^}- (B.6) 

This is clearly consistent with (E+) 2 |f2) = 0. 

From (68), (1.35) and (55), it is easy to see that the first identity in (B.5) holds. 
To prove the second identity, we use (56) with rij = N — 1 to find 

(xr) (r) |fi) =^ L(L+1 ^\Q). (B.7) 

Next use (68), (1.35) with v m = N — 1 — n m , (55), and finally (58) with n — 0, to find 

(xr)^Et|n> = J L ^\ti}(-z 3 ^ ) J2 ^- mnm G({n m },z 3 ). (B.8) 

{0<n m <JV-l} 
n 1 -{ \-n L =N 

Multiplying both sides of (74) by z~ r+1 and then taking the limit z = t N — > oo, using 
(64) to obtain the limit — > of t~ Nr+N G, where X)m-^m = X] m ( m ~~ l) n mj we find 

lim^ +1 h fe (z) = - J] cu"^— G({n,},^) = -/?-*. (B.9) 

{CKn^jV-l} 
nj^H \-n l —N 

Substituting this equation into (B.8), we show that the second identity in (B.5) holds. 



Appendix C. The rotations R., and Sj 

We rewrite (90) as 

<S,(cosh Bjl - sinh OjHj) = MIZj, 5,-(cosh Bjl + sinh 6jHj) = -NKj, (C.l) 

where det(M) = det(N) = 1. We multiply the first equation with Mr 1 and the second 
equation with — N" 1 , so that the right-hand sides of both equations become IZj and 
the left-hand sides must be equal. This way we obtain a matrix equation for Sj. More 
explicitly its elements s^- can be shown to satisfy the following equations, 

s 21 (m n e^ +n n e 6j ) = s n (m 21 e^ + n 21 e 6j ), 
s 21 {m 12 e~ 9 ' +n 12 e 9i ) = s 11 (m 22 e~ ej +n 22 e 6j ), 
s 22 (m u e 9j +n u e~ 9j ) = s 12 (m 21 e 6j +n 21 e~ 6j ), 

s 22 (m 12 e ej + n 12 e~ 6j ) = s 12 (m 22 e ej + n 22 e~ 6j ) . (C.2) 
These equations are consistent if and only if 

(m u e T ^ +n 11 e ±e J)(m 22 e Te i + n 22 e ±9j ) 

= (m 21 e^ + n 21 e ±e ^)(m 12 e^ + n 12 e ±0 *). (C3) 

We can simplify (C.3) using m\ 2 = m 2 \ and n\ 2 = n 2 \ found in (91) and again using 
det(M) = det(N) = 1. We find that the two conditions become 

2 cosh 26 j = 2m\ 2 n\ 2 — m\\n 22 — m 22 n\\. (C.4) 

Next, using (5) and (6), we can show 

\ + A; 1 = 2ZT 1 cosh 26 j - (k' + k'-^z' 1 - 1). (C.5) 
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With the help of (91) and (C.5) we can then prove that (C.4) holds. 

Moreover, from det«Sj = 1 we calculate S11S22 eliminating first S12S12 using (C.2) 
and (91), and then substituting Zj from (C.5). This way we find 

e 20 3 _ k i e -28 3 _ k i 

311322 = 2sinh2V 512521 = 2sinh20/ (C ' 6) 

Following nearly identical steps, we obtain from (C.l) consistent equations similar to 
(C.2) and (C.6) for the matrix elements of IZj. From these results we conclude 

r 22 _ s ll r ll _ S22 ?"22?Tl — S11S22, ^ ^ 

r 12 s 21 r 21 s 12 r \2 r 2\ — Sl2«21- 

Only six of the equations in (C.2), (C.6) and (C.7) are independent. At this point 
we may choose s 2 2 and r 2 2 as free parameters, but then the other six elements are 
uniquely determined. However, there is one more relation. From direct multiplication 
of the matrices in (90), we find 

mn = e~ ej siir 2 2 - e 0j Si2r 2 i, n u = -e^snr 22 + e~ dj s 12 r 2 i. (C.8) 

Eliminating §12^21 from these, (and similarly starting with m 2 2 and 7122), we find 

mne - ^ + n u e d J _ m 22 e 9] + n 22 e~ ej , . 

Slir22 " 2sinh20 i ' S22r ' U ~ 2sinh2^- " (C ' 9) 

Let us define 

T lk = m tk e- 9 > + n ik e e i = T kl , T* k = m ik ^ + n ik e~^ = T* . (C. 10) 

Then it can be easily verified, substituting (91) and eliminating Zj from (C.5), that 
T 12 T* 2 = -(e-^-k')(e^-k') : 

T n T 2 * 2 = -(e^-k') 2 , T 22 T*, = -(e- 2 ^ - k'f . (C.ll) 
Using (C.6) and (C.ll), we may rewrite (C.9) as 

S22~ e»>-hf- T* 22 ■ ^ AZ) 
This shows that there is only one free parameter s 2 2, and we choose it so that r u = s 22 . 
This choice yields the solution given in (93) and (94). 
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